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The surface excitations, shape deformation and the formation of persistent current for a Gaussian obstacle
potential rotating in an highly oblate Bose-Einstein condensate(BEC)are investigated. Vortex dipole can be
produced and trapped in the center of the stirrer even for slow motion of the stirring beam. When the barrier
angular velocity is above some critical value, the condensate shape can be deformed remarkably according to
the rotation frequency due to the existence of plenty of surface wave excitations. After a long enough time, a
few vortices are found to be left either trapped in the condensate or pinned by the obstacle, a vortex dipole or
several vortices can be trapped at the beam center, which enables the possibility of vortex manipulation.
PACS numbers: 03.75.Lm, 03.75.kk, 05.30.Jp
Introduction.—Quantized vortex is a topological singular-
ity in a superfluid or superconductor, where the phase of the
order parameter varies by integral multiples of 2pi whenfol-
lowing a closed path around the defect. Due to its topologi-
cal nature and the conservation of circulation, a vortex can be
eliminated only by annihilation with an antivortex or moving
to the boundary of system.
Trapped Bose-Einstein Condensate(BEC) of ultracold
atomic gases provides a very convenient platform to investi-
gate the characteristics of quantum vortices due to their exper-
imental versatility [1–5]. Besides the studies of static vortices
in rapidly rotating trap, optical lattices and dipolar BECs [6–
13], there have been shown a considerable increase of the in-
terest on the dynamics of vortices. The dynamical properties
of a BEC for vortex nucleation [14–17] and evolution [18–23]
have been investigated extensively. In addition, much work
has been done on the vortex structure in multi-component
[24, 25] and spinor BECs [26–28], as well as the collisions and
evolution of vortex loops and knots in 3-dimensional BECs
[29–36].
Since the vortex dipoles have been directly observed in a
pancake-shaped condensate by forcing superfluid flow around
a repulsive Gaussian obstacle potential[37, 38].The topic of
excitation about vortex dipoles has recently attracted exten-
sively theoretical and experimental studies, which mainly
concentrate on the vortex shedding mechanism[39–42], dy-
namics excitation[41, 43] and persistent current[44]. Addi-
tionally, vortex dipoles induced in oscillating potential[45],
at finite temperature[46] and under spin-orbit coupling[47]
are all studied. Now, the technique using two blue-detuned
lase beams as”tweezers” provides a broad set of possibilities
to pin and manipulate vortices on demand experimently[48–
50]. Recent progress in a toroidal geometry [51–57] has
opened a new prospect to study the superfluidity and vor-
tex excitation[52, 58, 59]. When a barrier rotate sufficiently
rapid in an annular BEC, surface mode can be excited and
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come into the condensate[56]. Furthermore, a persistent flow
in a toroidal trap can be created by stirring with a rotating
weak link[53]. In contrast, despite a variety of researches
on dynamical response of a BEC stirred by a rotating laser
beam[4, 60, 61], the dependence of deep shape deformation of
condensate on rotating frequency is never reported. Moreover,
comprehensive study of vortex dipoles inside of the obstacle
on their nucleation, splitting properties and the long-time dy-
namical behavior are less concerned, which are all of our great
interests.
In this paper, by solving the time-dependent dissipative
Gross-Pitaevskii (GP) equations, we reveal the shape defor-
mation and long-time dynamical behaviors of an highly oblate
BEC stirred by a rotating laser beam. The density of the con-
densate can be rotating nearly rigidly with the same frequency
to the laser beam, with the shape of the condensate deformed
heavily due to excitations of many surface waves with rela-
tively lower angular momenta. After a long enough time, a
few vortices are found to be left either trapped in the conden-
sate or pinned by the obstacle. On the other hand, stirring
BEC by a rotating blue-detuned laser beam can cause a vortex
dipole or several vortices to be pined at the beam center.
Model.—Consider a single-component BEC described by
the normalized macroscopic wave function ψ(r, t). In the
mean-field framework, the dynamics of a system with N
weakly identical atoms close to thermodynamic equilibrium
and subject to weak dissipation can be described by the time-
dependent GP equation[62]:
(i− γ)~∂tψ = [−~
2∇2
2m
+ V (r) +Ng|ψ|2)]ψ, (1)
where V (r) = 12m(ω
2
t x
2 + ω2t y
2 + ω2zz
2) is the axially sym-
metric harmonic trap potential, and ωt, ωz are the radial and
axial trap frequencies. The parameter γ in GP equation is a
dimensionless, phenomenological, damping constant. It takes
into account the quantum and thermal fluctuations from back-
ground and is always introduced to fit experiment. The dis-
sipative GP equation has been extensively employed to study
the dynamics of systems in the presence of thermally induced
dissipation[23, 49, 50, 55, 56].
2We focus in this paper on a highly oblate BEC with ωz ≫
ωt. In this extreme limit, the axial dimension is sufficiently
thin that the motion along z direction can be neglected and
atoms can move only within the xy plane. The normalized
ψ can thus be written as ψ(r, t) = ψ2D(x, y, t)φ0(z), where
φ0(z) = (pia
2
z)
−1/4exp(−z2/2a2z), with az =
√
~/mωz the
characteristic length of the longitudinal harmonic oscillator.
The atom-atom contact interaction is g = 4pi~2as/m with
as the s-wave scattering length. In the numerical computa-
tions, we discretize the x-y plane into a square lattice. The
artificial lattice constant a must be much less than the charac-
teristic length l =
√
~/mωt of the axial harmonic oscillator
to validate the simulations. For the time evolution the forth-
order Runge-kutta method is employed at each time step. The
central-difference formula is used mainly to calculate the ki-
netic term. Introducing dimensionless ψ(i, j), by substituting
ψ(r) with 1√
a2az
ψ(i, j), we thus obtain the following lattice-
version GP equations:
(i − γ)~∂tψ(i, j) = {−t0[ψ(i− 1, j) + ψ(i + 1, j)
+ψ(i, j − 1) + ψ(i, j + 1)− 4ψ(i, j)]
+[V (i2 + j2) +Ng|ψ(i, j)|2]ψ(i, j)},
(2)
where t0 =
~
2
2ma2 , V =
1
2mω
2
t a
2, g = 4pias~
2
ma2az
. Since all
the parameters t0, V , g and ~/t0 have the scale of energy,
it is convenient to introduce dimensionless parameters V ′ =
V/t0, g
′ = g/t0 and t′ = t/(~/t0), measured in unit of t0.
All of these parameters are actually only dependent of a/l
and as/az . A straightforward analysis leads to the following
expressions of V ′ = (al )
4 and g′ = 8pi asaz . Note that g
′ is
essentially independent of the artificial lattice constant a.
We assume the system consists of 87Rb atoms. Thus we
have m ≈ 87mp with mp the mass of proton. The trap
frequency is chosen to be ωt = 2pi × 10s−1 and ωz =
2pi×100s−1, then l is estimated to be about 3.4µm. When the
square lattice we study takes a typical size of 200 × 200 and
(a/l)2 is chosen to be 0.008, this means that the system has a
size of about 60µm× 60µm and ~ωt/t0 = 2(a/l)2 = 0.016,
~/t0 = 0.2ms, V
′ = 0.000064. In addition, to guarantee both
the convergence and efficiency of iteration of the GP equa-
tions, dt′ is chosen to be between 10−4 and 10−2 in numerical
calculations.
Results.—When a blue-detuned laser beam is rotating uni-
formly with angular velocityΩ in BEC, the obstacle produced
by it can be well described as a moving Gaussian potential:
VGOP (x, y) = V0exp(
−{[x− x0(t)]2 + [y − y0(t)]2}
σ2
),
(3)
where (x0(t), y0(t)) = (RcosΩt, RsinΩt) with R the dis-
tance between the obstacle and trap center, σ and V0 are the
waist and intensity of the laser beam respectively. The de-
tailed behavior of the stirred BEC depends sensitively on σ/ξ
and V0 [40–42, 48, 52, 63], and in the following they are fixed
to be V0 = 8t0, σ = 0.8l. Since the chemical potential is
estimated to be µ = 0.5, V0/µ = 16means the laser beam we
study is a impenetrable obstacle[40, 41]. By starting from the
ground state of the BEC in the presence of a static obstacle,
the uncontrollable excitations are prevented from an abrupt
motion of the obstacle. Angular velocity of the obstacle is in-
creased linearly and slowly with time until up to the desired
value Ω. Then the obstacle moves with a constant angular ve-
locity Ω. In the following, according to the choice of Ref.[55]
to meet experiments, γ is set to be 1.5 × 10−3. We find our
results do not depend qualitatively on the specific value of γ
when it is in the range of 0.001 to 0.005.
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FIG. 1: (color online) The upper two panels denote the density and
phase profiles when the obstacle velocity is below the critical value,
where the the generated vortex-antivortex pair has not been split out.
Here, Ng′ = 5000. The + and - signs denote the vortex and an-
tivortex of the pair. The white and black arrows show the direc-
tions of obstacle motion and vortex dipole, which are always per-
pendicular to each other. The green dotted circles in (b1),(b2),(b3)
show the boundary of the obstacle. The angular momenta per atom
Lz = −i~
∫
drψ∗(r)(x∂y− y∂x)ψ(r) as functions of time for (a2)
and (a3) are exhibited accordingly in (c2) and (c3). The angular mo-
mentum contribution from the vortex dipole is schematically shown
in (d), where only the atoms in the dark shaded annular region effec-
tively contribute to Lz , ~ per atom.
The critical velocity vc is defined as the value of the obsta-
cle velocity v = RΩ at which the vortex excitation begins to
be generated into the BEC by the obstacle. The critical veloc-
ity for a moving hard cylinder in an uniform BEC is believed
to provide an upper bound for vc [40]. Here for a trapped
BEC, vc depends not only on the nature of the condensate, but
also on the distance R. When R = 1.8l, vc is estimated to
be about vc = 0.21vs |r=R= 242um/s, where vs =
√
ng
m
is the speed of sound. However even when v is much smaller
than vc, a vortex-antivortex pair can be produced and trapped
by the obstacle. Since the obstacle potential is finite in spite
of being large, the local density n of the BEC within the small
space occupied by the obstacle is rather small but finite. The
small local density thus lowers the speed of sound locally,
3leading to the local excitations within the obstacle according
to Landau criterion. When the obstacle velocity v is below vc
but not too small, the vortex dipole direction can be identified
from the phase profile of the BEC, which is rotating uniformly
within the obstacle but always keep perpendicular to the mo-
tion direction of the obstacle, as exhibited in Fig.1.
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FIG. 2: (color online) Comparison of the critical frequency Ω for sur-
face modes excitations as angular momentum l from 2 to 8. The red
circles are the analytical values by Ω = ωt/
√
l. The black squares
are the values obtained numerically and the error bars indicate the
standards deviations. The insets are the density profiles of our nu-
merical results for l being 6 and 7.
Besides the critical velocity vc, there exists a critical an-
gular velocity Ωc = min{ωl/l} according to an analog of
Landau criterion[64–66], where ωl is the excitation energy
for a surface wave. For smaller l, ωl =
√
lωt. For the pa-
rameters we chose, Ωc is estimated to be about 0.3ωt, above
which surface waves can be excited. But the surface waves
with larger l can hardly be identified from the density or phase
profiles of the BEC obtained numerically. On the other hand,
ωl/l = ωt/
√
l can also be viewed as the minimum excitation
frequency for generating a surface wave with angular momen-
tum l, indicating the surface waves with smaller l can be pos-
sibly found upon increasing Ω up to a sufficient large value.
It is found in our calculations that when v = 0.2vs which is
slightly below vc, the density of the BEC is deformed trian-
gularly, as seen in Fig.1(a1), and the BEC is rotating rigidly
with the same angular velocity to the obstacle. This is iden-
tified as the surface wave with angular momentum l = 3 be-
cause the density difference δn due to stirring can be viewed
as δn ∝ cos(3θ − ω3t). The motions of the density of the
BEC and the obstacle are nearly synchronous, i.e., locked to
each other, since Ω for this case is Ω = 0.6ωt ≈ ωt/
√
3. The
shape of the condensate is deformed heavily, so there should
be plenty of surface waves dominated at l = 3. The exis-
tence of many surface-wave excitations can be confirmed by
the existence of a finite angular momentum of the conden-
sate(see Fig.1(c2),(c3)), which cannot be interpreted just as
the contribution from the vortex dipole. As shown schemati-
cally in Fig.1(d), the vortex dipole’s contribution to the angu-
lar momentum is estimated to be ∼ d0RTF ≪ 0.1 with d0 the
vortex-antivortex separation distance and RTF the TF radius,
since d0 is found to be much less than the healing length ξ.
Fig.1(a2)((a3)) shows the similar behavior of the condensate
with the frequencyΩ slightly larger than ωt/2(ωt/
√
5), where
the surface wave excitations are dominated at l = 4(l = 5),
and the condensate is deformed tetragonally(pentagonally),
rotating with nearly the same angular velocity as Ω. Since
Rωt/
√
2 > vc for R = 1.8l, the elliptical deformation due
to l = 2 surface waves cannot be observed. But for a smaller
R = 1.3l, our calculations confirm the existence of the ellip-
tically deformed BEC for Ω = ωt/
√
2, which is consistent
with the experimental observations[4, 64]. In Fig.2, we plot
our results of the critical angular velocity for surface wave ex-
citations as angular momentum l from 2 to 8 and comparing
them with the analytical value of ωt/
√
l. Once the obstacle
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FIG. 3: (color online) (a) The orbit of the antivortex of the vortex
dipole in the frame of reference of the moving obstacle, when the
obstacle velocity is slightly above the critical value. Here the blue
region represents the density hole of obstacle with radius R = 3.5ξ
with ξ the healing length at the trap center. The red dash-dotted
line denotes that between the centers of the obstacle and trap. The
ten circle dots are representative positions of antivortex as it is es-
caping from the obstacle within the first one half circle of stirring,
where the arrows indicate the motion directions of the antivortex.
(b) The density profile of the BEC when the antivortex moves to the
grey-shaded dot in (a), where the spike denotes the exact position
where the antivortex leaves the obstacle. c(1)(d(1)) and c(2)(d(2))
are the phase profiles before and after the generation of the sec-
ond(third) vortex dipole within one fourth(eighth) circle of stirring
when v = 0.27vs(v = 0.29vs), where only two(three) vortex
dipoles are generated in the whole stirring process.
velocity v is reaching vc, the antivortex starts to separate from
the vortex and move towards the barrier edge, while the vortex
is still pinned at the obstacle center, as schematically shown
in Fig.3(a). Meanwhile, a density spike is formed (Fig.3(b)),
long before the antivortex leaves the barrier edge. The an-
tivotex is then released from the obstacle and moves gradu-
ally to the boundary of the condensate. When v is slightly
above 0.26vs, after the first antivortex escapes from the obsta-
cle, another vortex-antivortex pair will be generated and sub-
sequently the new antivortex starts to escape, leaving the two
vortices trapped at center by the obstacle(see Fig.3). When
4v > 0.3vs, more vortex-antivortex pairs will be generated
during the whole stirring process and more vortices can be
trapped by the obstacle.
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FIG. 4: (color online) The long-time dynamical behavior of the
condensate when the obstacle velocity is above the critical value
vc with vc = 255um/s at R = 3.6l and vc = 242um/s at
R = 1.8l, by stirring the BEC for over one hundred circles. The
upper(lower) two panels denote the density and phase profiles with
R = 3.6l(R = 1.8l). The middle panels denote the angular mo-
menta per atom corresponding to the cases from (a1) to (a4) respec-
tively.
After stirring for over one hundred circles, the state of the
BEC becomes dynamical stable and shows the nearly time-
independent features. This means the obstacle will stop shed-
ding vortices after a long-time stirring. This can be better un-
derstood in the limit of V0 being infinite. The vortices trapped
by the obstacle or the condensate have changed the distribu-
tion of the superfluid velocity around the obstacle. According
to Landau criterion, no vortex will be excited, if all veloci-
ties are below the critical value, leading to a steady persistent
current state after a long-time stirring. Now we study these
long-time behaviors of the BEC and focus on the vortex num-
ber left in the condensate. After long enough time, all an-
tivortices will leave the condensate and only vortices are left.
Among the remaining vortices, several are pinned by the ob-
stacle, the others are loosely trapped near the trap center. The
nearly time-independent angular momentum also confirms the
stability of the long-time behavior of the BEC. In the param-
eter region we studied, three vortices at most can be trapped
TABLE I: The number of trapped vortices after stirring BEC for a
long time, for the parameters we studied. While n1 denotes the num-
ber of trapped vortices within the obstacle, n2 denotes that outside
the obstacle. The total number is n = n1 + n2.
v
R=3.6l R=1.8l
n1 n2 n n1 n2 n
1.00vc–1.25vc 1 0 1 1 0 1
1.25vc–1.35vc 2 0 2 2 0 2
1.35vc–1.50vc 2 1 3 3 0 3
1.50vc–1.70vc 3 1 4 2 4 6
by the obstacle. These results are demonstrated in Fig.4. The
number of trapped vortices is summarized in Table 1. If the
laser beam stops moving suddenly, the trapped vortices will be
released but finally a persistent current state with one or two
vortices trapped at the obstacle center is found to be stabilized.
When the laser beam is ramping off, the trapped vortices will
become free and will then move to the boundary. These make
the vortex manipulation by laser beam possible. For the pa-
rameters we studied here we only focus on the velocity regime
v < 1.7vc, since when v > 2vc, so many vortices are gener-
ated quickly that the stirred BEC will be in a turbulent state.
Within the regime vc < v < 1.7vc, it is not from the boundary
but within the obstacle center in the form of vortex pair that
the vortices are created.
Conclusion.—We have performed the numerical calcula-
tions of the quasi-two-dimensional GP equation to investi-
gate the surface wave excitations and long-time behavior of
vortices in a stirred highly oblate condensate. Plenty of sur-
face waves can be excited with the condensate shape being
deformed heavily according to the rotation frequency. Vortex-
antivortex pair can be created in the obstacle center even when
the obstacle velocity is relatively smaller. Once the obstacle
velocity reaches a critical value, the antivortex starts to sepa-
rate from the vortex and then leaves the obstacle regime. Fur-
thermore, after a long enough time, a few vortices are found
to be left either trapped in the condensate or pinned by the
obstacle and the number of them depends on the velocity and
position of the obstacle.
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